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PARABOLIC PRESENTATIONS OF THE SUPER YANGIAN 
r(glM|7v) ASSOCIATED WITH ARBITRARY 01-SEQUENCES 

YUNG-NING PENG 


Abstract. Let n be an arbitrary composition of M+N and let s be an arbitrary 
0^1'^-sequence. A new presentation, depending on ^ and s, of the super Yangian 
Ym\n associated to the general linear Lie superalgebra gImia is obtained. 
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1. Introduction 

The Yangians, dehned by Drinfeld [DrlllDr2] . are certain non-commutative Hopf 
algebras that are important examples of quantum groups. They were studied 
to generate rational solutions of the Yang-Baxter equation and there were many 
applications in statistical mechanics and mathematical physics. Nowadays, the 
study of Yangians gives many new points of view and important applications to 
classical Lie theory; see the book [Mo] and references therein. 

Consider = Y(0t^), the Yangian associated to the general Lie algebra gl^. 
Associated to each composition /i of N, Brundan and Kleshchev established a 
parabolic presentation for Y^ in |BK1] . Roughly speaking, this new presentation 
of Yn corresponds to the Levi decomposition of gl^ with respect to //. In the special 
case when p = (1,...,1), the corresponding presentation is equivalent to Drinfeld’s 
presentation f JBKll Remark 5.12]). On the other extreme case when // = (A), the 
corresponding presentation is called the RTT presentation] see |MNOt IMoj . 

The parabolic presentations play a fundamental role in their subsequent works. 
In [BK2], they established a concrete realization of hnite lU-algebras associated to 
any nilpotent element of type A in terms of Yangians, and a key step is to dehne 
a subalgebra of Yat, called the shifted Yangian. Such a subalgebra can only be 
dehned in terms of the new presentation found in |BK1] except some special cases. 
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The connection between Yangians and finite VF-algebras was observed earlier in 
ina for some particular nilpotent elements (called rectangular elements) with a 
different approach. Moreover, by means of such a realization, one may study the 
representation theory of finite hh-algebras by studying the representation theory 
of Yangians; see |BK3] . 

The main goal of this article is to obtain the generalization of |BK1] to the super 
Yangian Ym\n = the super Yangian associated to the general linear Lie 

superalgebra sImiv It is defined by Nazarov |Naj in terms of the RTT presentation 
as a super analogue of Ytv- 

One of the major differences between gl^ and glM|v is that, in the case of gt^, we 
may always choose a canonical Borel subalgebra, since all of the Borel subalgebras 
are conjugated by the action of the Lie group GLjq. This Borel subalgebra gives 
a root system, and for this given root system we have multiple choices of simple 
systems. It suffices to choose a canonical simple system since they are all conjugate 
by the Weyl group action. However, the above argument is no longer true in the 
case of gtM|iv- Therefore, in the study of qIm\n its representation theory, 
we may want to specifically mention which simple system we are using, and the 
notion of 01-sequence (called eh-sequences in |CW1 Section 1.3]) is introduced as 
a parameterizing set of the conjugacy classes of simple systems of glM|v (also for 
some other types of Lie superalgebras) under the Weyl group action. 

For example, if we identify qIm\n with the set of (M + Y) x (M + N) matrices 
and choose the Cartan subalgebra t) to be the set of diagonal matrices, then the 
most common choice for s is 


M N 



where a representative simple system of gt^iw ia the corresponding Weyl group 
orbit is given by 

- ^i+i, ej - Cj+I, - ei 11 < i < M - 1,1 < j < Y - 1}. 

Here the notation hj and Cj denote elements in f)* such that Si{X) equals to the 
Tth diagonal entry of Y G f), and ej{X) equals to the (M + j)-th diagonal entry 
of Y G 1). With this standard choice, there is only one odd simple root and the 
behavior of glM| 7 v “closest” to the classical gl^. 

Note that the Weyl group is isomorphic to Sm x Sn, which permutes those hj’s 
and those e/s, respectively. Therefore, there is exactly one odd simple root, which 
is of the form h, — Cj for some 1 < i < M, 1 < j < Y, in any other simple system 
in the Weyl group orbit of H®*. It implies that the following two simple systems of 
gl 3|2 are in different Weyl group orbits, since Hi contains only one simple odd root 
and II 2 contains 4 odd simple roots: 

Bi = {hi — S 2 , 62 — hs, hs — ei, Cl — 62 } <—> Si = 00011 , 
n 2 = {hi — ^ 1 , — S 2 , S 2 — € 2 , 62 ~ hs} <—> S 2 = 01010 . 

We refer the reader to [CWl Chapter 1.] for more details and further applications 
of 01 -sequences. 
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It is noticed in |Pe2j that the notion of 01-sequence can be perfectly equipped 
to the RTT presentation of Ym\n- If turns out that, up to an isomorphism, the 
dehnition of Ym\n is independent of the choices of the 01-sequence s, and Nazarov’s 
dehnition corresponds to the case when s = is the canonical one. Since the RTT 
presentation can be thought as merely a special case of the parabolic presentation 
by taking the composition // = (M -|- iV), the above observation suggests that 
it should be possible to obtain a corresponding parabolic presentation for any p, 
which triggered this work. 

To be precise, the main result of this article f Theorem 17.2p is that for an arbitrary 
hxed 01-sequence s of bImia an arbitrary hxed composition p of M -|- A^, a 
presentation of Ym\n is obtained. 

We quickly explain the idea, which is basically generalizing the argument in 
|BKlj and adapting some techniques in |Gol IPelj dealing with the sign factors. 
Fix a composition yi of M + N and £x an arbitrary 01-sequence s of bImia- We 
hrst define some distinguished elements in Ym\n associated to /i, denoted by H’s, 
E^s and F’s, by Gauss decomposition (or quasideterminants). 

Roughly speaking, the elements H’s are those elements in the diagonal blocks of 
the block matrix decomposition of Ym\n with respect to /i, while the E^s and the 
F’s are those elements in the upper and lower diagonal blocks, respectively. Note 
that these elements depend on the shape //, where their parities are determined by 
the given s. These elements form a generating set for Imia 1 Theorem 13.4p . so the 
next step is to hnd enough relations to achieve a presentation. 

In the case of |BKlj . if the generators are from two different blocks and the 
blocks are not “close”, then they commute. Fortunately, this phenomenon remains 
to be true under our general setting (Lemma 14.3p and it enormously reduces the 
number of the non-vanishing relations. As a consequence, we only have to focus 
on the supercommutation relations of the elements that are either in the same 
block, or their belonging blocks are “close enough”. Let n be the length of /i. 
When n = 2,3, 4, the situations are less complicated so that we may derive various 
relations among those generators by direct computation. 

Next, we take advantage of the homomorphisms 'ipL and Cm|a between super 
Yangians (see Section 4). These maps carry the relations in the special cases (with 
n < 4) to the general case, so that we obtain many relations in Ym|a- Finally we 
prove that we have found enough relations for our presentation. 

As a matter of fact, there are already a few results [SaiM] on such a gener¬ 
alization focusing on the canonical case when s = s®*. In isa. a presentation of 
Ym\n when p = (1*^+-^) is obtained, which is a generalization of Drinfeld’s pre¬ 
sentation. In IMl, a similar result when p is of the form p, = (A, n), where A is a 
composition of M and is a composition of N, is obtained. However, the results 
only explained the case when s = Moreover, the compositions // therein are 
very special so that the elements in one block must have the same parity so the 
super phenomenon only happens at a few specihc places. 

Under our setting, p and s are both arbitrary so that an even element and an odd 
element could exist in the same block. As a result, the super phenomenon could 
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happen everywhere. Hence in our current consideration, the signs arising from the 
Z 2 -grading are much more involved than [SaiPil] and one needs more elaborate 
notation and extra care when treating the sign issues. Roughly speaking, we need 
to correctly insert the necessary sign factors in almost every formula. Certainly, 
our main theorem covers the above results as special cases. 

Finally we mention one undergoing application of our result, which can also be 
thought as the true motivation of this work. Following the classical gl^v case, one 
may try to generalize the argument in |BK2] so that a realization of hnite W- 
superalgebras of type A in terms of the super Yangian Ym\n can be obtained. Such 
a connection was observed in |BRj for rectangular nilpotent elements, but this is 
still open for the general nilpotent case. 

In fact, based on [SaiPil], there are already some partial results [bbthip^ip^ 
about the the realization of hnite VF-superalgebras when the nilpotent element is 
principal or satisfying certain restrictions. As noticed in |BBG1 IPe3] , if we want 
to generalize the argument in |BK2] to the case of Ym\n in full generality, then 
a more general presentation of Ym\n is required. One of the reasons is that the 
shifted super Yangian, which is a subalgebra of Ym\n, can be dehned only under 
some nice assumptions as in |BBG[ [Pe3] . With our new presentations, the shifted 
super Yangian can be dehned for any given nilpotent element in qIm\n so that it 
is possible to establish the connection in full generality, and this is currently in 
progress by the author. 

This article is organized in the following fashion. In Section 2, we recall some 
basic properties of Ym\n- In Section 3, we explicitly dehne the parabolic generators 
by means of Gauss decomposition and show that they indeed form a generating 
set. In Section 4, we dehne some homomorphisms between super Yangians so that 
we may reduce the general case to some less complicated special cases. Section 5 
and 6 are devoted to further study about these special cases. Our main theorem 
is formulated and proved in Section 7. 

2. PRELIMILARIES 

Let s be a 0^1^-sequence (or 01-sequence for short) of 01m|ao which is a sequence 
consisting of M O’s and N I’s, arranged in a row with respect to a certain order. 
It is well-known |GW1 Proposition 1.27] that there is a bijection between the set 
of 0^1^-sequence and the Weyl group orbits of simple systems of qImin- 

For homogeneous elements A and R in a Z 2 -graded algebra L, the supercommu¬ 
tator of A and B is dehned by 

[A,B] =AB- (-1)I"^II-®IrA, 

where |A| is the Z 2 -grading of A in L, or called the parity of A. By convention, a 
homogeneous element A is called even if |A| = 0, and called odd if |A| = 1. For 
each 1 < f < M -|- Y, let |f| denote the f-th digit of the hxed 0^1^-sequence 5 . 

Definition 2.1. For a given s, the super Yangian associated to the general linear 
Lie superalgebra 01^1^; denoted by Ym\n hereafter, is the associative Z 2 -graded 
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algebra (i.e., superalgebra) over C generated by the RTT generators |Naj 

I 1 <M + iV;r> l|, (2.1) 

subject to following relations: 

min(r,s) —1 

oh) ^(s)l /'_]^yi||j| + |j||/i|+|i||/x| Li 9 ) ^{r+s-l-g) __^{r+s-l-g) ^{g)'\ ^2,2) 

g=0 

where the parity of 4^- for r > 0 is dehned by |i| + Ijj (mod 2), and the bracket is 
understood as the supercommutator. By convention, we set := dij. 

Similar to the sImin case, for r > 0, the element is called an even {odd, 
respectively) element if its parity is 0 (1, respectively). The original dehnition in 
|Naj corresponds to the case when s is the canonical one; that is, s is of the form 

M N 

5 = . 

As observed in IMI, the dehnition of Ym\n is independent of the choices of 5, np 
to an isomorphism, so we often omit it in the notation. 

For each 1 < i,j < M + N, dehne the formal power series 

:= e yM\N[[u~^]]- 

r>0 

It is well-known |Nal p.l25] that Ym\n is a Hopf-superalgebra, where the comulti¬ 
plication A : Imiv —^ Ym\n ® Ym\n is given by 

r M+N 

( 2 . 3 ) 

s=0 k=l 

Moreover, there exists a surjective homomorphism 

cv : Ym\n U{qIm\j^) 

called the evaluation homomorphism, dehned by 

ev (tjj(M)) := 5ij + (2.4) 

where G 01^1 a is fhe elementary matrix. 

For homogeneous elements Xi,... ,Xs in a superalgebra A, a supermonomial in 
Xi,... ,Xs means a monomial of the form x^^ ■ ■ ■ x*® for some ii,... ,is G Z>o and 
ij < 1 if Xj is odd. The following proposition is a PBW theorem for Ym\Ni where 
the proof in Eg works perfectly for any hxed s. 

Proposition 2.2. |Gol Theorem 1] The set of supermonomials in the following 
elements o/Ym|a 

jtlj \ ^<i,j<M + N,r>l^ 
taken in some fixed order forms a linear basis for Ym\n- 
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Define the loop filtration on Ym\n 

LoYm\n Y LiYm\n Y L2Ym\n Y ■ ■ ■ 

by setting degt\^^ = r — 1 for each r > 1 and let L^Ymin be the span of all 
supermonomials of the form 

Ari),{r2) _ _ _ Avs) 

^hjl ^*2 J2 ^iaja 

with total degree not greater than k. The associated graded superalgebra is denoted 
by grYMiTV- 

Let sIminN denote the loop superalgebra qIm\n ® with the standard basis 

{cijX^ \ l<i,j<M + N,r>0} 

and let denote its universal enveloping algebra. The next corollary 

follows from Proposition 12.21 

Corollary 2.3. |Gol Corollary 1] The graded superalgebra grlMiv is isomorphic 
to f7(0[jy^|^[x]) by the map 

grYM\N U{glM\N[x]) 

3. Parabolic generators 


Let /i = (yWi,..., An) be a given composition of M + iV with length n and hx a 
0^1^-sequence s. We break s into n subsequences according to p; that is, 

S = S1S2 ... Sn, 

where Si is the subsequence consisting of the hrst pi digits of s, S 2 is the subse¬ 
quence consisting of the next p 2 digits of s, and so on. For example, if we have 
5 = 011100011 and p = (2,4, 3), then 

Si 32 S3 

s = ^0^ floB'oi?. 


For each 1 < a < n, let pa and Qa denote the number of O’s and I’s in Sa, 
respectively. By dehnition, each is a 0^“l'^“-sequence of 0lp^|g^- Moreover, for all 
1 < z < pai dehne the restricted parity \i\a by 

\i\a'-= the z-th digits of s^. 

By dehnition, for each 1 < a < n and 1 < z < pa, we have 


a —1 

i\a I ^ ^ Pj T i 
1=1 


(3.1) 


Basically, the techniques in |BK11 IPel] work perfectly with the notion of an arbi¬ 
trary 5 that we just introduced earlier. In order to make this article self-contained, 
we spend some time explaining the notation precisely. 

Dehne the (M -|- A^) x (M -|- N) matrix with entries in TM|Af[[R~^]] by 


T{u) := 
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Note that for any fixed s, the leading minors of the matrix T{u) are invertible and 
hence it possesses a Gauss decomposition [HR] with respect to /r; that is, 


T{u) = F{u)D{u)E{u) 

for unique block matrices D{u), E{u) and F{u) of the form 



( Dliu) 

0 

0 

\ 


0 

D2{u) • 

0 


D{u) = 

V 0 

0 

■ Dn{u) 



/ ^ 

i,2(n) ■■■ 

El^n{u) 

\ 

E(u) = 

0 


E2,n{u) 



V 0 

0 




/ 

0 

... 0 

\ 

F{u) = 

F2,i{u 


... 0 



\ Fn,l{u 

Fn,2{u) 


/ 


where 


(3.2) 


Daiu) 


(3.3) 

Ea^bipF) 


(3.4) 

Fb,a{u) 


(3.6) 


are pa x Pa, Pa X Pb and pb x pa matrices, respectively, for all 1 < a < n in (3.3) and 
all 1 < a < 6 < n in (3.4) and (3.5). Also note that all the submatrices Da{u)^s 
are invertible, and we dehne the pa x pa matrix D'^{u) = by 

D'M := (D„(«))“‘. 


The entries of these matrices are certain power series 

r>0 

r>0 

r>l 

= E ha;.„ 


— T 


—r 

U . 


r>l 
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In addition, for — 1, we set 




r>l 


-^a+l,a;2,j (^) 



r>l 


We will show that the coefficients of these series forms a generating set for Ym\n- 
As a matter of fact, one may describe all these series in terms of the RTT generators 
explicitly by quasideterminants jGR] . Here we follow the notation in |BK11 (4.3)]. 
Suppose that A, B, C and D are axa, axb, bxa and bxb matrices respectively 
with entries in some ring. Assuming that the matrix A is invertible, we dehne 


:=D-CA-^B. 


A B 

c 

Write the matrix T{u) in block form according to ^ as 

T{u)= : ... 

\ >^Tn,l{u) >^Tn,n{u) 

where each ^Ta,b{u) is a x Hb matrix. 

Proposition 3.1. |GR] We have 


Daiu) = 




^^Ta-l^a-l{u) ^Ta_i^a{u) 


^Ta^a-l{u) ^Ta^a{u) 


(3.6) 


Ea,b{,u) = D'^{u) 


^7"i,i(m) • 



• • ^Ta-l^a-1 

MM ■ 

^Ta^a-li: 


(3.7) 


FbJu) = 


^Tb,i{u) 


f^Ta-l,a-l{u) ^Ta_i^a{u) 


f^Tb^a-l{u) '"Tb^aju) 


DM, (3.8) 


for all 1 < a < n in H3.6\) and l<a<b<nin ^3. 7| ), H3.8\) . 

Let Ta^b-,i,j{u) be the (z, j)-th entry of the x l^b matrix ^Ta^b{u) and let j 
denote the coefficient of u~^ in Ta^b-,i,j{.u). As a consequence of Proposition 13.11 we 
have 

p(l) _ 7 ^( 1 ) pW _ 7 ^( 1 ) 


(3.9) 
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for all 2 < 6 < n, all 1 < i < ^h-ii 1 < J Ip particular, 

r'Sl-= TW,, = for all l<i,i<^„r>0. (3,10) 

Note that the matrix T{u) is always invertible and we dehne the entries of its 
inverse by 

(Tin))-' := (4N))":". 

Taking inverse to the matrix equation fl3.2l) . we have 

= (F[u)-'D(u)-'E(u)-^).. (3,11) 

Applying the technique in [MNO|. Section 1], we may rewrite equation fl2.2l) into 
the following series form 


[u - v)[tij{u),thk{v)] = (-1) 


\i\\j\ + \im + \j\\h\ 


thj{u)tik{v) - thj{v)tik{u)). 


The next lemma, which will be used frequently later, can be deduced from the 
above equation by a similar calculation as in [Pell Section 2]. 

Lemma 3.2. 

{u - = (- 1 ) 1*1 bl+NIkl+lilPIX 


M+Af 


M+N 


Ki ti9iu)t'gk{,v) - 6i^k Y 
9=1 9=1 


93 


.U, 


(3,12) 


for all l<i,j,h,k<M + N. 


Lemma 3.3. For each pair a, b such that l<a + l<h<n — 1 and 1 < i < iia, 
1 < i < f^b, we have 

ph) _ ('_i dfclo-i rph) p(i) 1 ph) _ ('_i d^lo-i rp(i) ph) i 

(3,13) 

for any fixed I < k < fit-i- 

Proof. This can be proved by induction on 6 — a > 1. We perform the initial step 
when a = 1 and 6 = 3 for the E's here, while the general case and the statement 
for the F’s can be established in a similar way. 

By fl3.7l) and fl3.9p . we have 

r 

r Z 7 '(’") 1 _ r\ ^ \ ^ i 

■^2,3;/cjJ [ / ^ l,2;p,/i’2,3;/i3,jJ * 

p=l s=0 

Note that we may express in terms of and the subscriptions 1 < a, /? < pi 

will never overlap with the subscriptions of j = t^Y^ where 1 < A: < 

h 2 ,1 < i < h 3 - Thus they supercommute by fl3.12p . and the right-hand side of the 
equation equals to 


Ml 


\ ^ \ ^ T^(i) 

/ . / . ^l;i,pPl,2;p,/i’ ^2,3;fcj 
p=l s=0 
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The bracket can be computed by fl2.2p : 

\nn{r-s) rriil) ]_\Ar-s) ,(1) l_/'_lhfc| 2 r Ar-s) 

A l,2;p,h^2,3;k,j\ V.Ml+M2+i' 

Thus, for any 1 < /c < p2, we have 

Ml r Ml i" 

( _1N |fc |2 r pC*”) pd) ] _\ ^ \ ^ _\ ^ \ ^ n^d) rp{r—s) 

\ L-^l,2;i,fc)-^2,3;fcjJ ~ / , / ^ ~^l:i.p^p.Mi+M2 + 7 ~ / ^ ^ 1.3;p.r 

p=l s=0 p=l s=0 

By fl3.7p . the right-hand side of the above equation is exactly -^{^3.^^. The general 

case is similar, except that the expression of ^ by (13.7p is more complicated. 

□ 


Theorem 3.4. The superalgebra Ym\n is generated by the following elements 

{^Sj> ^S!i I 1 < a < 1 < hi < ha, r > 0}, 

I 1 < a < n, 1 < z < ha, 1 < i < ha+i, r > l}, 

{E^f^lj \l<a<n, l<i< ha+i, ^ < j < ha, r > l}. 

Proof. Multiplying the matrix equation fl3.2l) . we see that each can be expressed 
as a sum of supermonomials in E^l^j and ^ certain order that all 

the F’s appear before the DA and all the DA appear before the EA. By 03.131) . it 
is enough to use D^f.lj, Ejfj^ and only rather than use all of the EA and the 
FA. ,,,,,, ^ 

Remark 3.5. Actually we don’t need those to obtain a generating set. They 
only appear in 07.21) and 07.61) . One can in fact remove 07.2p from the dehning 
relations and rewrite 07.61) into a new expression which is free from those 
The reason to include them is to make the presentation look concise. 

The generators of Ym\n in Theorem 13.41 above are called parabolic generators. 
Note that these generators depend on the shape p and their parities depend on the 
hxed sequence s (see 04.6p - 04.8l) later). We will use the notation Y^ or Ym\n{5 ) or 
l)j(s) to emphasize the choice of p or s or both when necessary. The goal of this 
article is to write down explicitly a set of dehning relations of Yf^{s) with respect 
to the parabolic generators for any hxed /i and any hxed s. 


4. Homomorphisms between super Yangians 

To explicitly write down the relations among the parabolic generators in Theo¬ 
rem [231 we start with the special cases when n are either 2 or 3, that are relatively 
less complicated. The other relations in full generality can be deduced from these 
special ones by applying certain nice injective homomorphisms that we are about 
to introduce. 

We start with some notation. Let 5 be a hxed 0^1^-sequence. We dehne 

• s:= the sequence obtained by interchanging the O’s and I’s of s. 

• s^;= the reverse of s. 
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• s^:= (s)^, the reverse of s. 

For instance, if s = 0011010, then s = 1100101, = 0101100, and = 1010011. 

Moreover, if Si and S 2 are two 01-seqnences, then S 1 S 2 simply means the concate¬ 
nation of Si and S 2 . 

The following proposition is a generalization of |Pell Proposition 4.1] to an arbi¬ 
trary 01-sequence s, where the proof is similar so we omit; see also |Gol Section 4] 

Proposition 4.1. 1. The map Pm\n '■ hM|Af(s) hjv|M(5^) defined by 

PM\N{Uj{,u)) = tM+N+l-i,M+N+l-j{—u) 

is an isomorphism. 

2. The map ujm\n ■ ^m|v( 5) FM|Af(5) defined by 

oom\n{T{u)) = ( T (- n ))-' 

is an automorphism. 

3. The map Cm\n ■ YMiNis) -)■ FAr|M(s'*') defined by 

Cm\N = PM\N ° ^M\N 

is an isomorphism. 

4. Let p,q E Z>o be given and let Si be an arbitrary 0^1'^-sequence. Let 

Tp\q ■ Ym\n{5) —)> l^+M|q+v(5lS) 

be the injective homomorphism sending each t\j in Ym\n{s) to 

in Yp+M\q+N{sis). Then the map fip\g : Ym\n{ 5) -P- Yp+M\q+N{sis) defined 

by 

'^P\q ^p+M\q+N ° Tp\q ° ^M\Ni 

is an injective homomorphism. 

In fact, only the maps Cm|a and V'pig will be used later so we write down their 
images explicitly. 


Lemma 4.2. Let l<i,j<M + N. 


1. For any p,q E Z>o, we have 





il,p+g{'^) 

tl,p+q+j{'^) 



tp+q,p+q{'^) 

l'p+q,p+q+ji.'^) 



^p+(j+i,p+(j('^) 

tp+q+i,p+q+j (’^) 

2 . 

CM\N{tij{u)) = 

^M+N+l-i,M+N+l-j 


(4.1) 


(4.2) 


Proof. The hrst one is exactly the same with |BK11 Lemma 4.2], while the second 
one is immediate from the dehnition. □ 
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Set L = p + q for convenience. Note that fl4.ip depends only on L so we may 
simply write 'ijjpiq = 'i/jl when appropriate. As a consequence of Proposition 13.11 we 
have 

Da-i,j{u) = + ) ( 4 - 3 ) 

Ea-i,j{u) = + ) (4-4) 

Fa;i,j{u) = + • ( 4 - 5 ) 

In addition, the map 'i/jl sends t[j{u) G Ym\n{s) to ^ ^+M|g+7v(sis), 

which implies that the image of '0 l(Pm|v( 5)) in y^+M|g+v(5is) is generated by the 
following elements 

{t'tii^L+j e yp+M\q+N{sis) \1 <i,j < M + N,r >0}. 

If we pick any element in the northwestern Lx L corner of T(u), an (L + M + 
N) X (L+M +A^) matrix with entries in Yp^M\q+N[[u~^]], then the indices will never 
overlap with those of 'tpL{YM\N), that are in the southeastern (M + At) x (M + N) 
corner of the same T{u). As a result of equation fl3.12p . they supercommute. 
Clearly, the elements in the northwestern L x L corner of T{u) (of Yp^M\q+N) 
generate a subalgebra which is isomorphic to Yp\q{si) by fl2.2p . so we have obtained 
the following lemma. Roughly speaking, the map embeds the matrix T{u) into 
the southeastern corner of a larger matrix T{u). 

Lemma 4.3. In Yp^M\q+N{5i5), the subalgebras Yp\q{5i) and 'tpL{YM\N{s)) super¬ 
commute with each other. 

Moreover, by equations fl4.ip . fl4.3p . fl4.4p and fl4.5p . the parities of the parabolic 
generators can be easily obtained as follows: 

parity of = \i\a + \j\a (mod 2), (4.6) 

parity of = \h\b + \k\b+i (mod 2), (4.7) 

parity of = |/|fe+i + (mod 2), (4.8) 

for all r, s > 1, 1 < a < n, 1 < 6 < n — 1, 1 < hi < ha, I Y h,g < pb, 

1 < ^, / < hb+i- 

Next we analyze Cm\n- Associate to p, we may dehne the elements 
in Ym\n = hii(s) by Gauss decomposition. Consider 

P . i^Pn, hn—1, ■ ■ ■ , hi)) 

the reverse of p. We may similarly dehne elements { A- {Ya-jj} 

in Yiq\M = Y<p{5^) with respect to % in the same way. Their relations are described 
in the following proposition, which is a generalization of |GoP Proposition 1] and 
m\ Proposition 4.4], where the proof is very similar. Roughly speaking, the map 
Cm\n turns the matrix T{u) up side down, so we take s'! in the image space in order 
to keep the parities unchanged. 
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Proposition 4.4. For all 1 < i,j,h < Ha, 1 < ^ < l^a+i, we have 

CM\N{Da-,i,j{u)) = Vl<a<n, (4.9) 

Cm|A (-^a;/i,A:(ll)) n— a;/Xa+l—/i,/.ta+l+l— fc(^) ’ ^ fl ^ Tl 1, (4.10) 

Cm|A (-^a;fc,/i(ll')) n— a;/Xa+i+l—fc,/ia+l— (^)) ^ fl ^ 77. 1. (4.11) 


The following proposition follows directly from fl2.2p . fl4.3p . and Lemma [4.31 In 
consequence, the relations among the D’s are obtained. One should notice that 
these H’s could be even or odd according to fl4.6p . This is different with the cases 
in |Gol IPel] 


in which they are always even. 


Proposition 4.5. The relations among the elements for all r >0, 

1 < bi < Ta, I < a <n are given by 


t=o 


£,{t) ^ j 


rO^ij 7 


[DalpDl^lj = h„6(-l)l'l“l^'l“+l'l“l'*l“+l^'l“l'^l“x 

min(r,s) — l 

( jj(^) 

a\h^j^ a\i^k '^a‘,hj ^a]i,k 

t=0 

It can be observed from the relations that the elements generate 

a subalgebra of called the Levi subalgebra of and denote it by Y^{s). By 
Lemma [4.31 we have 

^ (•®) ^1 (^2 (^2))l/’/.41+/.42 (^3 (-^s)) ■ ■ ■ -h/in-l (^n (-^n)) 

where /i = (pi, p2, • • •, hn) and s = S1S2 • • • s^. Note that in the special case when 
all /ij = 1, the subalgebra ^^(s) is purely even and commutative. One may 
think 4)1 ^^(s) in Lmia as an analogue of the Cartan subalgebra consisting of all 

diagonal matrices in qIm\n- 



5. Special Case: n = 2 

In this section, we focus on the very first non-trivial case under our consideration; 
that is, /X = (/ii,p.2) with a fixed 01-sequence s = S1S2. We list our parabolic 
generators as follow: 

{^2.x,^S|« = 1,2; l<7,j</i.; r>0}, 

I 1 < * < hi, 1 < J < /^ 2 ; r > 1 }, 

{2211 < « < h 2 ,1 < i < hi; L > 1 }. 
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The following proposition gives explicitly the relations among the generators 
other than those relations already obtained in Proposition 14.51 

Proposition 5.1. Let p = (^1,^2) be a composition of M + N. The following 
identities hold in : 

Ml 

p=i 

(5.1) 


M2 


q=l 


(5.2) 


{u-v)[D2.ij{u),E,,hA^)] = (-1)PM^|2+Plihl2+Iddfe|2x 

D2-i,k{u){Ei.h,j{u) - Ei-hjiv)), (5.3) 

Ml 

ET ;/i,p('^) Fi-,h,p{T)^Di.pj{u), (5-4) 

p=i 

M2 

D'2;h,qi.'f^){Fpq,M - ^i;gj(“))i (5-5) 

q=l 

(n-n)[D2;,,(n),Fi;,,fc(n)] = (-i)l%l%+l%hb+ld2Ni ^ 

(Fi;i,fc(p) - Fi.i^k{u))D2-h,j{u), (5.6) 

(Ei-i^kiu) - Ei-i^kiv)) [Ei.h,j{u) - Ei.h,j{v )), (5.8) 

{u-v)[Fi,iM^Fi;hAv)] = (-l)l*hhli+Pl2|i|2+|/i|2lilix 

{Fi-hM - Fi,h,j{u)){Fi,i,k{u) - Fi,i^k{v)). (5.9) 

The identities hold for all I < i, j < fii if Di.i,j{u) appears on the left-hand side of 
the equation, for all 1 < h, k < pi 2 if i^{u) appears on the left-hand side of the 
equation, for all 1 < i' < /xi, 1 < j' < /U -2 if Ei-r,j'iu) appears on the left-hand side 
of the equation, and for all 1 < h' < fi 2 , 1 < < hi if Fi-,h',k'{u) appears on the 

left-hand side of the equation. 
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Proof. Our approach is similar to those in |BK1[ Section 6] and |Pel[ Section 5]. 
We compute the matrix products fl3.2|] and fid.lip with respect to the composition 
/i = (/ii, 112 ) and get the following identities. 



(n) : 



VI < i. 

J < hi, 




(5.10) 


(n) : 



VI < 

i< Pi,l 

< 3 

< 

h2, 

(5.11) 

tgi+i,j 

(n) : 


5 

VI < 

i< P 2 A 

< 3 

< 

hi, 

(5.12) 


(n) : 


1 + D2-ij' 

(n), VI < i,j 

' < h2, 

(5.13) 

t'- ■ 

(n) : 


{u)D2.pi 

qi{u)Ei.q 

',i(w),Vl 

< h 

3 : 

< hi 

.(5.14) 

t'- 

{u) : 

“ Fl-,i,p' {Fj D 2 .pi j' 

(u), 

VI < 

i< Pi,l 

<3 

< 

h2, 

(5.15) 

t' . . 

>i+*j 

[u) : 


»> 

VI < 

i< P 2 A 

<3 

< 

hi. 

(5.16) 

j 

(n) : 



VI < i 

J < h2, 




(5.17) 


where the indices p, q (respectively, p', q') are summed over 1 ,..., (respectively, 

fl5.ip - fl5.3p can be proved similar to |BK11 Lemma 6.3] and |Pell Proposition 5.1], 
except for some issues about the sign factors that have to be carefully treated. 
fl5.4p - fl5.6p and fl5.9p follow from applying the map Cm|v to fl5.1l) - fl5.3l) and 05.81) 
with suitable choices of indices. We prove 05.7p and 05.8p in detail here as illus¬ 
trating examples about some new phenomenons and how we deal with them. 

To show 05.71) . we need other identities. Computing the brackets in 05.21) and 
05.41) by dehnition, we have 


+ (_l)(l«|i+bl2)(|/.|2+|/3b)(„ _ (5.18) 


- (-l)l*l^l"l^4*(Ti;^,p(n) - (5.19) 

where a, p (respectively, /3, q) are summed over 1 ,..., /ii (respectively, 1 ,..., ^ 2 )- 
By 03.12p . we have 


{u 




^_]_y*lllil2 + K|lk|2 + |i|2|ft|2 ^ 


M+N M+N 

iig{u)t'gk{v) - 6 4i+/i,s(n)ts,^i+j (n)). 

g=l s=l 
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Substituting by fIS.lOp — fl5.17p . we may rewrite the above identity as the following 

+ (5.20) 

where a, p (respectively, /3, q) are summed over 1,..., /xi(resp. 1,..., ^ 2 )- Substi¬ 
tuting flS.lSp and fl5.19p into fl5.20l) and simplifying the result, we obtain 

Note that in the above equality, the index i is not involved in those sign factors. 
We may multiply the matrix D[{u) from the left to both sides of the equality above 
so that we have: 


D2-,h0iv)D2-,/3,jiv)D[.^{v) 

+ (_l)l*li|/^l2+Kli|fc|i+|ibl/ib(^ _ 

= (_l)Nli|/^|2+Kli|fc|i+|iHfc|i(^ _ y)D'^,^^^0{v)F^,p4v)E,.,J{u) 

Similar to the above computation, we want to multiply D 2 {v) from the left to the 
above identity. However, we can not do this directly since the index h is involved 
in some sign factors; such a phenomenon didn’t appear in [BKll IG^ IPelj . It turns 
out that we may multiply a suitable sign factor ( —l)l*lil^l 2 to the above identity so 
that 

+ (_l)|i|.W.+bbl/!b(„ _ v)D'^.^_^(v)Ei,tj{u)F,-f^t(v) 

= (_l)|.|.l-.|.+bblH.(„ _ 


Observe that in the very hrst term we have D 2 .^{v)D 2 -i 3 j{v), which is 6 hj, so we 
may replace |h |2 by \j \2 in the sign factor. Now those sign factors in the above 
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result are free from the index h so we may multiply D 2 {v) from the left to obtain 


= (_l)Kli|fc|i+lib|fc|i(^ _ 

Collecting the corresponding terms and using the fact that D 2 -h,j{u), su¬ 

percommute, we derive fl5.7p . Such a technique appears very often in the remaining 
part of this article. 

For fl5.8l) . we start with = 0. Multiplying (n — and 

computing the bracket after substituting by (15.111) and fl5.15p . we have 

{u — v) Di.ip(^u)Ei.pj(u')Ei.fig(^v)D2.g j.{v) 

_ (_i)bMi.|.+lpM,h+l3kl*(„ _ v)Ei,^_,{v)D,,iJu)(u - = 0, 

(5.21) 


where the indices p and q are summed from 1 to pi and p 2 , respectively. Computing 
the brackets in (5.1) and (15.2p . we obtain the following two identities 








where the indices p,gi (respectively, q,g 2 ) are summed from 1 to pi (respectively, 
/i2). Substituting these two into the second term of (15.211) . multiplying some suit¬ 
able choices of sign factors as in the proof of (15.71) so that we may multiply Di{u) 
from the left and D 2 {v) from the right simultaneously, we derive that 


(m - vY[Ei.ij{u), Ei.h,k{v)] = 

(_l)Nibl2+|.|i|/i|i+bl2|/i|i(^ _ v)E,.^j{v){E,,i,k{v) - E,,,,k{u)) 

+ (_l)bl2|/i|i+bl2Fl2+|/i|i|fc|2(^ _ v)(^E,.,^^{u) - E,,i^k{v))E,,^j{u) 

+ {Ei.ij{v) - Ei.ij{u)) {Ei-hA'^) - ^i;ft,fc(p)) • (5.22) 

For a power series P in n“^]], we write for the homogeneous compo¬ 

nent of P of total degree d in the variables u~^ and v~^. Then (15.81) is a consequence 
of the following claim. 

Claim: For d > 1, we have 


(n - n) { [Ei.i,j{u), ^l;/^,fc(n)] = 

_ e^.,4v)) {E^,^jiu) - ^i;/^,,(n))}^ 
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We prove the claim by induction on d. For d = 1, take { on fl5.22p so that 

Note that the right-hand side of (15.221) is zero when u = v, hence we may divide 
both sides by {u — v) and therefore {u — Ei.^h,k{v)]]^ = 0, as desired. 

Assuming that the claim is true for some d > 1, so we have 




u 


(5.23) 


Note that the right-hand side of (15.231) is zero when u = v, which implies 

E,,i^k{v)E,,f,j{v) = (5.24) 

Take { on (I5.22p and replace the last term by (15.2311 : 

{u-vf{[Ei,ij{u),Ei.h^k{v)]}^^^ 

= iu- n)(-l)l*lil^'l^+l*lil"li+l^'l^l"l4^i;,,,(n)(^i;,,fc^ - 

+ {u- 
= {u- 

+ (u-i;)(-l)l^l^l'^li+l^'l^l'=l^+l"lil'=l^{^i,,fc(u)F;i;,,,(n)-F;i;,,fc(n^ 

+ {u- 

Substituting the term (—Py f|5_24p and sim¬ 
plifying the result, we have 


(u - tljy [EliijW. £'l;/.,fc(t>)]}j^2 = 

Dividing both sides by u — n establishes the claim. □ 


6. Special Cases: n = 3 and the super Serre relations 

In this section, we will consider the generators D’s, £”s and C’s in different super 
Yangians at the same time but using the same notation. It should be clear from 
the context which super Yangian we are dealing with. 

Similar to the proof of Proposition 15.11 we compute the matrix products (13.2p 
and (13.lip with respect to the composition fi = (pi, p2, /^s) and derive the following 
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identities. 


^hj (n) 

El-iJ, 

Ml 

(6.1) 


= Di.i^pEi.pj[u), 

p=i 

Ml 

(6.2) 


= Dl-,i,pEl^3-pj{u), 

P=1 

M3 M2 

(6.3) 


— ^ ^ ^ {El-i^q{u)E2.^qy{u) 

p' = l q=l 

/^3 

- ®l,3;i,p'(«))D(y (6.4) 


p'=l 

M3 

(6.5) 

^Ml+M2+Z,Ml+i^^) 

p' = l 

(6.6) 


where fl6.ip holds for all I < i,j < /ii, fl6.2p holds for all 1 < i < /Ui, 1 < j < ^ 2 , 
fl6.3p and fl6.4p hold for all 1 < z < /ii, 1 < j < /Z3, flh.Sp holds for all 1 < z < ^ 2 , 
1 < J and fl6.6p holds for all 1 < z < ^ 3 , 1 < j < ^ 2 - 

Lemma 6.1. The following identities hold in 

[Ei,i,j{u),F2-xk{v)]=t), (6.7) 

[Ei.i^j{u),E2-xk{v)] = 

(-l)\j\2\h\2 ^ 

-Z- {{El-i,g{u) - Ei.i^g{v))E2-gM + - -El,3;j,fc(“)}> ( 6 - 8 ) 


[-^l,3;i j (ll') ) E2-h,k{'^')] 


M2 


^ Ei^^.fi f^[v) Ei.fi q[v)E2-q^k{'l^)] 


9=1 


Here \6. 7| ) holds for all 1 < i < /ii, I < j,k < ^ 2 , 1 < h < /i3, H6. 61) holds for all 
1 < z < /ii, 1 < i, h < /Z2, 1 < ^ < /i3, / lh..9l) /zoWs /or all 1 < i < fii, 1 < h < /Z2, 
1 < i, ^ < T 3 , o-nd lid.lOi) holds for all 1 < i, h < fii, I < j,g < 1 ^ 2 , 1 < ^ < /i3- 


Proof. By (|3.12|), we have [ti.Mi+j/w),= 0. Snbstituting by ((62)) 
and fl6.6p . we have 

[Di;i,p{u)Ei.pj{u), -D'^.^{v)E2,q,k{v)] = 0 . 
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Computing the bracket, we obtain 

Dl-i^p{u) Ei-pj(u) D^.^gi^v) F2-q^ki'v) — 

= 0 , ( 6 . 11 ) 

where p and q are summed over 1,..., pi and 1,..., /is, respectively. Similarly, by 
(13.121) . we have 

which implies that 

[Di,ij{u),F2,h,k{v)] = [Ei-,i,j{u),D'^.^{v)] =0. 

Substituting these into flb.llh and using the fact that Di-ij^u), supercom¬ 

mute, we have 

The sign factors are free from the indices i and h. Multiplying D‘^{y)D'^{u) from 
the left, we obtain (16.7p 
By (I3.12P again, we have 

M+N 

(M-P)[ii,Mi+i(w),^).l+Mi+/.2+A:(^)] = tis{u)ts,p,,+p^+k{v). 

S = 1 

Substituting by (I6.ip - (l6.6p . we have 
{u - v)[Di.i^p{u)Fi,pj{u), -F2-xq{v)D'^.g t^{v)] = 

~ Fl-p^r{u)F2-r,q{v) + i?l,3;p,q(u) }(u) , (6.12) 

where the indices p,q,r are summed from 1 to pi,ps,p 2 , respectively. Using the 
facts that 

[Fi.ij{v), D'^.^{u)~\ = 0, (proved in the proof of (16.71) ) 

[F 2 -,ij{v),Di,hA'^)] = 0, (obtained from [tij(M),= O) 

we may rewrite (16.121) as the following 

{u - v)Di.iAu){Fi.pj{u)F 2 ;h,q{A- 

= (-l)l^'l^l'*l^+'h,/,Di;,,p(u){(Ui;p,,(u)U2;.,,(u) -Ui,3;p,,(u)) 

- Fi,pAu)F2-,r,q{v) + El,3;p,q{A}D3,q,kiv)- (6-13) 

The sign factors are free from the indices i and k. Canceling Di{u) from the left 
and D'^iy) from the right on both sides of (|6.13l) and dividing both sides by u — u, 
we have deduced (16.81) . 
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To show fl6.9p . the identity fl5.2p in T(^2 ,ai 3)((^ ^)) reads as 


iu — v')\E^ 


Applying the map 'ip^^ to this identity and using (4.3) —(4.5), we have the following 
identity in 


Taking the coefficient of in the above identity, we obtain 


Also by fl3.13l] . we have 


h^i,3;M(w) = for any 1 < 5f < ps- 

By fl6.3p . fl6.4p . the super Jacobi identity and the fact that [Ei.i^g{u), ^(n)] = 0, 

we have 


= (-l)>+l»b+l^l»l'-lMp, [Biykn), E2,»,p(t>)] B3;p,t(t’)- (S-W) 

By (13.121) and (I6.1I) - (I6.6I) . we have 


[^i,Atl+At2+j(r^)) ^^(l+/t,/ti+^(2+fc('^)] ~ [Dl;i,p{u)Ei^^-pj(u), E2-h,qiv)D^.g j^(v)] —0, 

where p and q are summed from 1 to pi and ps, respectively. Multiplying D'^{u) 
from the left, we have [i?i^3;ij(n), E 2 -h,q{v)D'^.^ ^,{v)] = 0, which may be written as 


Tl,3;ij(tl), ■E2A,,(t>)|Ck,t(«) + 

(-l)(l‘l‘*l'’l’)'l'‘l’ + l*)B2;MWTl,3;«(n),Ck,t(«)] = ^ 

Substituting the last bracket by fl6.14p . we have 


[^l,3;ij(ll), E2-,h,q{v)]D'^.^{v) = 

Multiplying D^^v) from the right to the above equality, we acquire fl6.9p . 

Taking the coefficient of in flb.Sp . we have 

[E^l,E2.,h,k{v)] = E,.,^g{v)E2,,,k^^^ (6.15) 

Taking the coefficient of in fl5.ip . we have 




(6.16) 
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Together with the super Jacobi identity and the fact that [Ui;jj(n), i?2;g,fc(p)] = 0, 
flb.lSp and 06.161) imply that 




(^>) - = lD,,tj{u), (-I)!®! 


Summing j from 1 to fix in the above identity, we derive 

iv))Dx;,M 

_ + _ Ex,3-,hA'^)), 

where r,p,p' are summed over p 2 ,Pi,Pi, respectively. 

On the other hand, by 03.121) and 06.ip - 06\6l) . we have 


[Dl-i,p{u)Ei.pj{u), {Ex.hA'>^)^2;r,q{v) “ ^l,3;h,g(^^)) ^3;g,fc(^)] = O’ (6-18) 

where p and q are summed from 1 to pi and p.3, respectively. Multiplying D^ipj) 
from the right, note that D 3 supercommutes with Ei and ZJi, and computing the 
bracket, we obtain 

D\-^i^p{u)E\-pj{u^{^E\-]^'f'(v^E 2 -^r,k{A) -^l,3;h,fc(^)) 

_ (-l)(Ni+ld2)(kli+kl3)(^^.^^^(^)^2.^_^(^) _ 

El,3-,h,kA)') ^pi,piA 0 

(6.19) 

where p and r are summed from 1 to pi and p 2 , respectively. Substituting 06.171) 
into the second term of 06.19p . we have 

(^) (p) h/2;r,fc (^) T/3 3./j/j(n)) 

- + + - Ex,3;h,k{v))}El;pAu) 

- (-I)(l^l=+0b)(|/^li+kl3)|7i^^^^^(^) [Ex,^^^{u),E2.,gAA]}Ei;hAA = 0. 
Multiplying D[{u) from the left, we deduce that 

_ (-l)(Ni+bld(|/^li+|fc|3)(£;^^^^^(^)£;2^^^^(y) _ 

= (_l)bk(|i.|.+l*l.)+l«h+l<..|.W, [E,, Ju), £2;,.i(t-)] E,-I,j(u). 

Simplifying the above, we obtain 06.101) . □ 

The following lemma can be deduced by applying the automorphism Cn\m to the 
corresponding identities of Lemma [6T] in Y<p; = T(/i3,/x2,Mi) = yN\M- 
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Lemma 6.2. The following identities hold in ^)); 

[Fi.ij{u),E2-h,kiv)] = 0, 

(" — Xllihljli+ljhl/ila+lilil/ila 

j (^) )-^2;/i,fc(^)] di^X 


( 6 . 20 ) 


u — V 


M2 


{^F2.h,q{v){Fi.q,j{v) - Fi.gj{u)) - Fs^i-hjiv) + Fs^i-hjiu)}, (6.21) 

q=l 


[F3,l;iA^),F2.h,k{v)] = + + + + 

( 6 . 22 ) 


^^[Fl-,i,j{'^)-I F 2 -^h,q{F)Fi.q}^{v') L3 /j('y)] 

9=1 

(-l)(l"l3+l^l^)(l"l^+l"l^)Fi,,fc(w)[Fi;g,,(n),F2;;,^ (6.23) 

Here ^6.2CM holds for all 1 < i,h < ^ 2 , 1 < j < hit 1 < ^ < /^S; ^6.21\) holds for 
all 1 < i,k < /i2, 1 < j < /ii, 1 < < /13, (E[l^ holds for all 1 < i, h < yU.3, 
1 < j < /ii; 1 < j, < /i2; and li6.23\) holds for all 1 < i, g < /i2, I < j,k < jii, 
1 < h < 

Our next lemma is a generalization of |Pell Lemma 6.3]. It is surprising that 
there are no sign factors appearing in the resulting identities. 

Lemma 6.3. The following identities hold in ,w~^]]: 

[[Ei,i,j{u), E 2 ,h,k{v)lE 2 .j,g{v)\ = 0, (6.24) 

[£’i;ij(n), [Ei.h,k{u),E2-f^g{v)\\ = 0, 

, E 2 -Xk{v)], E 2 .j,g{w)\ + [[E,.,,{u),E 2 ,hA^)IE 2 .,Uv)\ =t), (6.25) 

[Ei;ig{u),[Ei.h,k{v),E2-j,g{w)]\ + [Ei.i^j{v),[Ei.h,k{u), E2.j^g{w)]] = 0 , 
[[Fi-i,j{u),F2-xk{v)],F2-j^g{v)\ = 0 , 

[Fi,i,j{u), [Fi,h,k{u),F 2 -j,g{v)]] = 0, 

[[Fi;, j{u),F 2 -h,k{v)], F2-.f.,H] + [[n;M(«).n;„,MK')l.n;/,5(t’)] =0, 

[n;ij(t<).|fl;».t(t')T 2 ;/,s(n')l] + f2;/.9(K')]] = 0 - 

The identities hold for all 1 < i < /ia, 1 < i < /la+i if Ea - i , j { u ) appears and hold 
for all 1 < h < ga+i, 1 < ^ < ha if Fa-h,k{u) appears, where a=l or 2 . 

Proof. We prove fl6.24p and fl6.25p in detail while the others are similar. To show 
(16.241) . we hrst claim that 

[Ea.,ij{v),Ea-,hA'‘^)] = 0 for a =1,2 in L(^i,/. 2 ,m 3)[[^"^]]- 
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Indeed, the case a = 1 follows from fIS.Sp and a = 2 follows from applying the map 
to dSSD in 

By the snper Jacobi identity, together with the above claim and (16.8p . it snffices 
to prove the case when j = h = f. In this case, we compnte the following bracket 
by Lemma 16.11 as below. 

{u - v) ^ 2 ;y 3 (n)] 

= (_l)(Nl + bl2)(bl2+|fe|3)(„ _ 

= (_l)(Ni+lil2)(lil2+|fe|3)+(Ni+bl3)(lil2+|fc|3)(„ _ ^ [E^.^{u),E2-,j,g{y)] , ^2;i,fc(n)] 

= (_l)(bl2+bl3)(bl2+|fc|3) [{-i)\i\^E^.,,,{u)E2.,U^) - E^.,^,{v)E2.,Uv) 

= (-l)b1d^l3+lh2bl3+M3|/c|3|[^^^^^^(^)^^^^_^^ + [i?l,3;..(n),i?2;,,fe(^^)] 

~ \El-i,q{v)E2-^q^g{v), E2 J^k{yy\ — [i?i^3;i^g(M), i?2;yfe(n)] } 

+ - E,.,^q{v)[E2,q,g{v),E2.,,k{v)] 

= (-l)l^l=[[El,,,(«),E2;,>(^)],i^2;,,,(p)] " (-1 ) (p) , i?2;,>(p)], i?2;,^ 

Thns we have 

(u-v- (-l)W")[[£;.,,,(«),= 

- (-1)'^'”[IBij.jN). E2,j^t(v)],E2,j^,(v)] (6.26) 

Note that the right-hand side of 06.261) is independent of the choice of u. Specifying 
u = V + (—in 06.26p . we have 

0 = -(-l)l'l> [lB.;i.j(«), E2 .,,Av)], , 

and hence 

{u-v - ^[Ei.^^j{u), E 2 -j,k{v)], E 2 -j,g{v)] = 0, for any u. 

Choose u such that u — v — (—l)lh2 is invertible, and then 06.241) follows. 

To show 06.25p . it suffices to show that 

{u -w){v- w){u - v) [[Ei.ij{u), E 2 -xk{v)], E 2 -j,g{w)] 


(6.27) 
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is symmetric in v and w. We may further assume j = /i, as in the proof of fl6.24p . 
By (ESI), we have 


(m 


-w){v- w){u - v) [[Ei.ij{u),E 2 -xk{v)],E 2 -j^g{w)] = {v - w){u - w)x 

{-iy^^^[{Ei.i^g{u) - Ei.i^g{v))E2-q,k{v) + Ei^s-i^kiv) - , E2-f,g{w)]. 


Computing the brackets by Lemma [6.11 we have 


{u -w){v- w){u - v) [[Ei-ijiu), E 2 -h,k{v)], E 2 -f,g{w)] 

= {v -w){u- [[Ei,i^g{u),E2,q,k{v)],E2-f,g{w)] 

-{v-w){u- in)(-1)1^12 [[Ei-i^giv), E 2 ,q 4 v)], E 2 .f,g{w)] 

+ {v-w){u- [Ei^3,i^k{v), E 2 -f,g{w)] 

-{v-w){u- [Ei^ 3 ,i^k{u), E 2 -,f,g{w)] 

= {v -w){u- [[Ei,i^q{u), E 2 ,q,k{v)],E 2 j,g{w)] 

-{v-w){u- [[Ei-i^qiv), E 2 ,q,k{v)], E 2 .j,g{w)] 

+ {v-w){u- w;)(-l)ld2+Kl2+l*|i|/|2+|*|i|fc|3+l/|2|fc|3^2;/,fc(in) [Ei,i,i{v),E 2 -,e,g{w)] 
-{v-w){u- w;)(-l)ld2+kl2+Ni|/|2+Ni|fc|3+l/|2|fc|3^2;/,fc(in) [Ei,i,e{u), E 2 -,e,g{w)] 
= {u - w){v - w){-iy^^^{Ei.i^q{u)E 2 -q,kiv)E 2 -f,g{w) 

-{u- w){v - w){-iy^^^{Ei.i^q{u)E 2 -,q,k{v)E 2 -f,g{w) 

+ {v-w){u- u;)(-l)ld2+Kl2+l*|i|/|2+|*|i|fc|3+l/|2|fc|3^2;/,fc(in) [Ei,i,i{v),E 2 -,e,g{w)] 
-{v-w){u- «;)(-l)ld2+kl2+Ni|/|2+Ni|A:|3+l/|2|fc|3^2;/,fc(in) [Ei.i,e{u),E 2 .e,g{w)] 
= {u -w){v- [E 2 -q^kiv),E 2 -f,g{w)] 

-{u-w){v- w){-iy^^^Ei,i^q{v) [E 2 -q,k{v), E 2 -J,g{w)] 

-{U-W){V- z^;)(-l)ld2+(l/|2 + l9l3)(Ni + |A:|3) [E2.f,g{w), Ei,,,q{u)]E2;q,k{v) 

+ (n - in)(n - in)(-l)l^'l^+(I^I^B9l3)(Kli+l%) 

+ {u-w){v- w;)(-l)ld2+ld2+l9l3l/|2+|9|3|fc|3+l/|2|fc|3 , E2-,e,g{w)] E2-J,k{w) 

-{u-w){v- «;)(-l)ld2+kl2+|5|3|/|2+|5|3|A:|3+|/|2|A:|3 [E^..,(u), E 2 -i,g{w)] E 2 .f,k{w) . 
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We use flS.Sp and Lemma 16.11 to compute these brackets, then fl6.27p equals to 



u - 

- w)Ei.^i^q{u){E2,q^ 

ff(^) - 

- E2,q,g{w)){E2.J^k{v) - 


•fw 

')) 



— el 

[u 

- w)Ei.^i^q{v){E2-q 

M - 

- E2.q,g{w)){E2.f,k{v) ■ 

- E2 J, 

k{w)) 



+ el 

[v 

- w){[Ei.^i^q{u) - 

El-,i,qi 

»)^2;g,g(iy) +^l,3;i,£ 

M - 

El 


(w)}A?2;/,fcl 

(n) 

— el 

[u 

-w){{Ei.i^q{v) - 

El-i,q\ 

[w)) E 2 .q^g{w) + T'l, 3 ;i,£ 

M - 

El 


{v)]E2.,q,k{ 

» 

+ el 

[u 

-w){{El.i^q{v) - 

El-i^q{ 

»)^2;g,g(iy) +^l,3;i,£ 

M - 

El 

,3;i,g( 

[v)]E2J,k\ 

» 

— el 

[v 

- w){{Ei.i^q{u) - 

El\i,q^ 

>))E2;g,g(n;) + L;i,3;i,£ 

Aw) - 

El 


[u)]E2-J,k' 



where the e is a sign factor given by e = (—I)bl2+l9l3lfl2+l9l3|fc|3+l/|2|fc|3^ index 

q is summed over 1,..., p 2 - 

Opening the parentheses of the above identity, one may check that the resulting 
expression is indeed symmetric in v and w. Therefore, fl6.27p is symmetric in v 
and w and hence (16.251) is established. □ 


Suppose now that /i = (pi,..., pn) with n > 4. The next lemma is a general¬ 
ization of [Gol Lemma 5] and [Pell Lemma 7.2], in which the results were proved 
only for one specihc index. Here we show that they in fact hold everywhere and we 
require some of them to obtain the desired dehning relations; see (17.151) . (I7.16p . 


Lemma 6.4. Associated to = (/ii,/i 2 ,.. ./in) with n > A, we have the following 
identities in Y^j,, called the super Serre relations: 


[ J ] = 0. 

[ KL [dl,,.,.. ] = 0. 


(6.28) 

(6.29) 


for alll < a <n-3 and all 1 < i < pa, ^ < /i, / 2 , h < pa+i, 1 < 91,92,3 < h^a+ 2 , 
1 < A: < /in+3- 


Proof. It suffices to prove the following special case of (I6.28P when n = 4, while 
the general cases and (I6.29P can be achieved by applying the maps if and Cm\n'- 




E. 


( 1 ) 


% 


( 1 ) 


/l> ^2;/2,iJ > L^2;h,gi) ^3;g2,fc 


E. 


is) 


d] =0. 


(6.30) 


We claim that for all 1 < z < /ii, 1 < h < /i 2 , 1 < j < /is, 1 < A: < /i 4 , we have 


[.Ei,3.jj(M), E2.h,q{v)E3.g^k{v) - E2^A-,h,k{v) ] = 0, (6.31) 

where the index q is summed over 1,..., /is. 

To prove (I6.3ip . we multiply the matrix equalities (13.21) and (13.111) associated to 
the composition (/ii,/i 2 ,/is,/i 4 ) and derive the following identities. 

E2-h,q{v)E3.^q^k{v) — (i’) = A^j+/i^^j+^2+At3+r ('*^)(i^) , 

for all 1 < z < /ii, 1 < j < /is, 1 < /z < /i 2 , 1 < A: < /i 4 , and the indices p, g, r are 
summed from 1 to /ii, /is, /i 4 , respectively. Substituting these identities into the 
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bracket in fl6.3ip and setting a notation ria '■= Hi + ^2 + ■ ■ ■ + ior short, we have 


j (ll) ) h/2;h,g(T)-S3;(;,fc(p) h/2j4;/ijfc(n)] 

~ ^ ^ pi+h,n3+ri'^) ^4:-,r,k{v)] 

~ ^l;i,pi'^)^P,n2+ji'^)^ p,l+h,n3+ri''^) ^4;r,k{v) 

~ r^i;!,p(^)[C” 3 +jN)’“ Oj 

and fl6.3ip follows. Note that in the above compntation we have used the facts 
that 

Di-,i,j{u) = tij{u) and K,i,jiu) = 

therefore [Di- i,jiu),t'^ 3 +h,n 3 +kiv)] = 0 and [D'^.ij{u),th,n 2 +kiv)] = 0 by (Ell). 

To show fl6.30p . by flb.Sp . we may assume that /i = /2 = / and Qi = g 2 = 9- 
Computing the following bracket by (16.Sp . we have 

(n -v){w-z)[ [Ei,ij{u),E 2 -,f,j{v)] , [E 2 -,h,g{'^), E 3 ;g,k{^)] ] 

= [ {-iy^^^Ei.i^g{u)E2-q^k{v) - Ei.i^q{v)E2-q,k{v) + h^l,3;Lfc(^) “ -^1,3;*,^ («), 

( 1)^ ^ .^2;/i,p(lI^).^3;p,fc(^) -^2;/i,p('2')T/3-pT h/2,4;/i,fc(^) .^2,4;/i,fc(lP) ] • 

Taking its coefficient of u~^z~^v^w^, we have 


S —1 


.]_y/i2+i3i3 


(r) 


2 ;/i,p 3-,p,k 


E. 


h) 1 

2,4;h,A;J 


t=l 


which equals to the coefficient of m '’z ^ in 

(_1)I/|2+|9|3[^^ 3,. ^ E2,n,p{^)E3,pA^) - ^2,4;m(^)]> 

which is zero by fl6.3ip . Finally, the coefficient of u~^z~^v^w^ in 

{u -v){w-z)[ [Ei,ij{u), E2-J,j{v)] , [E2-Xg{w),E3,g^k{z)] ] 
is precisely - [ ^2,fc] ] and (ESQ]) follows. □ 


7. The general Case 

Recall that our goal is to obtain the dehning relations of Tp(s) = Ym\n in terms 
of the parabolic generators and {E^^J -} associated to an 

arbitrary hxed composition /i of M + iV and an arbitrary hxed 0^1^-sequence s. 
The following proposition summarizes the results that we have established earlier. 
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Proposition 7.1. The following relations hold in Y^{s): 



— dij , 

(7,1) 

r 

a-,i',P a.;p,j 

p=l t=0 

drodij 1 

(7,2) 

rn(^) n(^) 1 

L'^a;iJ) ^b;h,k\ 

— _ j^y^UliU+KUI^U+liUl^U x 



T?im(r,s)—1 

\ ^ ( Tlh) n(7’+^—1—1) P)ir+s—l—t) Pj{t) \ 

/ . \-^a-,h,j^a;i,k a;h,j -^a;i,k) 

, (7,3) 


t=o 



r-a r—l 

ZE 

p=l t=o 




r—l 




t=o 


(7.4) 


i<l. n'ti=4.6 ( 


Ma r—l 

.Y'^\i\a\j\a + \h\a + l\i\a + \h\a+l\3\a 

p=l t=0 

r—l 


(r+s-l-t) j^{t) 
b;h,p ^a;p,j 




E>i:i(7.5) 


t=o 


E D'a- 


r+s —1 


l(r+s-l-t) j^{t) 


t=0 


(7.6) 


[i?*'^. •, = (^ —l)l^l“ljl“+i+b'l“+il^l“+i+l^l“l^l“+i X 


s—1 r—l 

( \ '' 77(^ + '^~l~t) rph) _ \ ^ 77i(’' + '5“1“*) p(t) 'l /y y\ 

V / . ^g-.i.k ^a-,h,j / j ^a.i.k \‘’W 


t=l 


t=l 


_ ^_]_y^|a + l|iU + |iU|fc|a + |/lU+l|fek^ 


^ Tp(r+s-l-i) p{t) _ rp{r+s-l-t) ^(t) \ /„ a\ 

/ . ^ a-,i,k ^ a.-,h,j / . ^ a;i,k ^ o-',h,j/ ’ V' '”/ 


t=l 


t=l 
Ma + l 


[<y- [£■!«. <71,J = (-l)l'l“«''‘l“+'4,^ 5^ <1,<7,.6 . (7.9) 

9=1 


r p(7’+i) p(*) 1 r z 7'(7’) p(*+i) 1 

a;i,j ’ ^ a+l-,h,k\ T a\i,j i ^ a+l-,h,k\ 
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Mct+l 

1 'll*|a + l(b1a + |^|a+2) + |i|a|/lU+2 + lX p(^) p(^) 

) ^ ^a+l;h,q^a-,q,j > 


q=l 


(7.10) 


rph) 

' ^Ph,k\ ' 

= 0 

if 

\b — a\ 

> 1 

or if b 

= a + 1 and h ^ j, 

(7,11) 

lYL 

p(s) 1 _ 
^b-,h,k\ 

= 0 


\b — a\ 

> 1 

or if b ■■ 

= a + 1 and i ^ k, 

(7.12) 

V a-,i,j 


Yi 

j] + [d'5 

> L-^a;h,fc’ 

^bJ,g\ 

] = 0 if 

\a — b\ > 1, 

(7.13) 

iSj 

1 a\h,k^ 


J] + [dh. 

r_ph) 1] 

= 0 tf\ 

a — 6 > 1, 

(7.14) 

[\Yl 

fl ’ ^a+1 

;/2j] ' 

’ \.^a+l-,h,gi > 

^a+2-,g2,k 

] ] = 0 when n 

> 4 and \h\a+i + |i|a +2 = 1, 









(7.15) 

[lY! 

fl I ^ a+p 

/2j] ’ 

rp(i) 1 

d a+l;h,gi’ ^ a+ 2 \g 2 ,k\ 

]=0 

when n 

> 4 and \j\a+i + \h\a +2 

= 1. 


(’r) 

If Da-,i,j o^ppears on the left-hand side of the equation, then it holds for all 1 < 
hj < ha and all r > 0; if appears on the left-hand side of the equation, then 

it holds for all 1 < h < /Xq, 1 < k < pa+i and all s > 1; if ^ appears on the 
left-hand side of the equation, then it holds for all 1 < g < g,a, 1 < / < ha+i and 


all i > 1. 


Proof. The first three relations follow from Proposition 14.51 By Proposition 15.II and 
Lemma lOl -Lemma 16.41 one can show that the identities hold in smaller Yangians, 
for example, Y(^ 2 ,m 3 )- Then we apply the injective homomorphisms i/’ppgi = to 
these identities so that the corresponding identities also hold in bigger Yangians, 
for example, Y(^i,/x 2 ,ai 3 )- Repeating this process and we may eventnally dednce that 
all these relations, in series forms, hold in Y^. 

Finally, the following identity converts the relations from series form into the 
desired form: 


u — V 


r,s>l 


for any formal series S{u) = J2r>o ^ 


□ 


Our main theorem is that the above relations are enough for a set of dehning 
relations of Y^iY). 

Theorem 7.2. Let p = (pi,..., pin) be a composition of M + N and s be a 0^1^- 
sequence. Associated to this pi and s, the super Yangian Y^is) is generated by the 
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parabolic generators 

Walj^ 11 < a < 1 < *, i < /^a, r > 0}, 

[E^ali \ ^ < a < n,l < i < < j < ^a+i,r > 1}, 

[F^rlj \l<a<n,l<i< ^a+i, 1 < i < A^a, ?" > 1}, 


subject only to the relations 


The remaining part of this article is devoted to the proof of our main theorem, 
which is built on several technical propositions and lemmas. 

Let denote the abstract superalgebra generated by the elements and relations 
as in the statement of Theorem 17.21 where the parities of the generator are given 
explicitly by fl4.6p - fl4.8p . We may further dehne all the other E^l-j and j 

Yfj, by the relations fl3.13l) . and it is straightforward to check that these definitions 
are independent of the choices of k as in |BKll p.22]. Let T be the map 

r ■ Y _)■ Y 

sending every element in into the element in T^ with the same notation. By 
Theorem 13.41 and Proposition 17.11 the map T is a surjective superalgebra homo¬ 
morphism. Therefore, it remains to prove that T is injective. 

The injectivity of T is proved similar to the arguments in |BK1[ IGoP IPelj . We 
hrst hnd a spanning set for and then show that the image of this spanning set 
under P is linearly independent in Y^. 

Let Y^ (respectively, Yj^, Y~) denote the subalgebras of Y^ generated by the 
elements (respectively, {E^l-j}, Dehne a hltration on (on 

y», y; and Y- as well) by setting 


degiD^alj) = = deg(i^,2i,,) = r - 1, 


a(r) 


(r) 
b,a;i,j > 


for all r > 1, 


and denote the associated graded superalgebra by grP)^. Let denote the 

image of E^l-^ in the graded superalgebra gr^_i Yjjj. 


Lemma 7.3. The following identities hold in grlW for all r,s,t >1: 


(b) 




r-ph+1) -^{s) 1 _ r-ph) 1 afir, — 1 


Ka+l;.p K 


E 


(t) 


a+l;h^k^ ^b,b+l-,f,g 


__r pP) r ph) 

a,a+l;i,j ^ [-^a,a-|-l;h,fc) ^b,b+l-,f,g\} ) 


(7.17) 

(7.18) 

(7.19) 


if |a - 6| = 1, 
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(d) 




~ l v^a,b-l-,i,h^ ^h-l,h-,h,j\ — I [-^a,a+l;i,fc’ 


^(1) 


for allh > a + 1 and any I < h < pb-i, 1 < ^ < Fa+i- 


E 


■('■) 1 
a+l,fe;/c,j J ? 


(7.20) 


Here ([7.i7| j and ([7.ig] ) hold for all 1 < i < fia, 1 < j < A^a+i? ^ ^ h < fib, 
1 < k < Fb+il ^7.19 ) holds for all 1 < i, h < fia, 1 < j,k < fia+i, 1 < / < /Ub, 
1 < S' < Fb+i; \7-20) holds for all 1 < i < fia, 1 < j < Fb- 


Proof. fl7.17p and (17.181) follow from (17.lip and (17.91) . while (I7.19P follows from 
(17.131) . The first eqnality of (17.201) follows from (I3.13p . while the second one can 
be dednced from the first eqnality by snper Jacobi identity, (I7.18p and indnction 
on b — a. □ 

Lemma 7.4. The following identities hold in gr for all r,s >1: 


(b) 


(d) 


[E^Z+2-,i,j^ ^l"+i,a+2;b,fc] = 0’ for all 1 < o < u - 2, 


'^ 2 + 2 ;/!,fc] = for all l<a<n 


^l"+i,a+3;b,fc] = 0’ for all I < o < u - 3, 


\E^al-,ij^ E^cl+I-Xk] = 0, for all l<a<c<h<n. 


Here (|7.ili[) holds for all 1 < i < Fa, 1 < h < Fa+i, ^ ^ j,k < Fa+ 2 ; 


(7.21) 

(7.22) 

(7.23) 

(7.24) 

Tjn 


holds for all 1 < i,h < Fa, 1 < J < Fa+i, 1 ^ j,k < Fa+ 2 ; (|7.^J*| ) holds for all 
^ < i < Fa, ^ < h < Fa+I, 1 < i < Fa+2, 1 < ^ < Fa+si (|7.^^D holds for all 

^ < i < Fa, ^ < j < Fb, ^ < h < Fc ^ < k < Fc+i- 


Proof. Similar to the proof in |Pell Lemma 8.3] so we only show (c) in detail here 
since it is the place that we actnally nse the snper Serre relations. 

Assnme first that \h\a+i + \j\a +2 = 0. Applying (I7.20p on the left-hand side of 
(I7.23P and nsing the snper Jacobi identity, we have 


r 7?^*^ 1 _ 




= ^_]_y^|a+l + b1a+2 

Ml) 


a,aH-l;2,/i5 a-\-l,a-\-2-h,j\ 5 

M) T5(i) 1 T5(i) 


a+l,a+2;/ij'5 ■^a+2,a+3;j,fc] ] 

M) 


+ S 


r \ T7'^^ 1 1 

[ [-^a-\-l,a-\-2;h,jli a-\-l,a-\-2;hJj i a+2,a-\-3;j,k 

’ ^a-\-2,a-\-3'J,k\ 


■^a+l,a+2;/ij'’ [ \.^a,a-\-l;i,h'> ^a-\-l,a-\-2;h,j 


where e = (—l)(I^U+l^h+i)(I^U+i+hU+ 2 ). By fl7.19p , the first term is zero. Using the 
super Jacobi identity, (I7.17P and fl7.2Up again, we may deduce that the above equals 
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to 




=e 


I r p'-'’’'* 7 ?'-'^'* 11 

■^a+l,a+2;h j > \_-^a,a+l\i,h'’ L'^a+l,a+2;/ij'’ ■^a+2,a+3;j,fcJ J 


r-p(^) -p(i) 

^a-\- 

-(^) rl?(i) 


r r 1 1 

a+l,a+2;/ij5 [ '^aH-l,a+2;7i,jJ ’ '^aH-2,a+3;j',/cJ 


-p(^) 


+ 0 


( 1 ) 77 ^^^ 1 r 77 ^^^ 7 ?^^^ 

a-\-l,a+2\h,j ^ ■^a,aH-l; 2 ,/iJ ’ L'^aH-l,a.+2;/i,ji ’ ■^a+2,a+3 


=£[[B 

= (-l) 


fl-j-1 ,ci-|-25/i,J'5 q.-|-2,q.-|-3 


E 


;i,fc] ] + 0 


(«) 


l + |^|a + l + |i|a + 2 


-{r) 


E 


■(^) 


[-^a,a+2;i,7 5 ■'^a+l,a+3;/i,A:J 


By our assumption, \h\a+i + \j\a+2 = 0 and we have done. 

Assume on the other hand that \h\a+i + |i|a+2 = 1- Similarly, we apply fl7.20p 
on the left-hand side of fl7.23p to obtain 


{r) 


K 


E 


is) 


,ir) p(l) 2 

a-\-l,a-\-2;h,j\ ’ 

^(1) 1 rTn(l) 


^(1) 


E 


is) 


, [E. 


[Ea^l 


',j,k\ ] 


a-\-l,a-\-2;h,j ^ ■^a+2,a+3;j',/cJ J ’ 


□ 


i,a-\-2]iJ^ ■^a+l,a+3;/i,fcJ 

(^_xy^i“+i+itu+21" 

[ [-^aja+l^jh) ■^a-|-l,a-|-2;/i,7 

which is zero directly by fl7.15p . 

The following lemma, generalizing |BK11 Lemma 6.7] and |Pell (8.1)], plays a 
crucial role in the proof of Theorem 17.21 

Lemma 7.5. For all 1 < a < b < n, l<c<d<n, r,s>0 and all 1 < i < fia, 
1 < i < h 6 ; 1 < ^ < he? 1 < < dd, we have 


rpir) -pis) n _ r :p(r+s 

[■Wa,b-,i,j^ ^c,d-,h,k\ I -*-1 ^b,c<Jh,j-W 


^(r+s—1) 


_ h*Ulil6+l*|a|/i|c+|7|6l^|cr Sj, 

I -‘-J Oa,dOi^k-W^f,.^ 


‘',h,j ■ 

Proof. Without loss of generality, we may assume that a < c. The proof is divided 
into 7 cases and we discuss them one by one. 

Case 1.: a < b < c < d: 

It follows directly from fl7.17p and fl7.20p that the bracket in Lemma [7.51 is 
zero. 

Case 2.: a <b = c < d\ 

By fl7.18p and fl7.20p . we have 

1 _ r-p(^+^+b 1_A . 7 _i'ikl 6 T^d+^+d 779c;', 

Note that when h 7 ^ j, the bracket is zero by (16. 8 p and hence the term 5h,j 
shows up. Taking brackets on both sides of fl7.25p with the elements 

pd) pd) ... p(i) 

■^&H-l,6+2;/i;i,/c2 ’ ■^&+2,&H-3;/c2,/ii3 ’ ’ 

from the right then using fl7.17p . fl7.20p and the super Jacobi identity, we 
deduce that 

=4,j(-i)''''‘A7ib ■ (7-26) 
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Taking brackets on both sides of fl7.26l) with the elements 


'^b—2,b—l;i2,ii^ 3,6—2;23,22 ’ 


) ^a,a+l-,z,zi,-a-i 


from the left and using exactly the same method as above, we have 

as desired. 

Case 3.: a < c < b = d: 

Using the super Jacobi identity together with fl7.20p and fl7.24p . we have 


=... = ± 


^c,c+l;h,fi ) L'^c+1,c+2;/i,/2 ’ ' ' ' ) [■^a,b\i,j i ^J 


rT?(l) 




The bracket [Ea,b-,i,j i ™ middle is zero by fl7.24p . 

Case 4.: a < c < d <b\ 

Using the same technique as in Case 3, we have 

= 0 ± (-l)l'.l"+. , isli.,, ] 


= ... = ± 


-p(i) r-po; 

-^C,c+l;h,/i ) L'^c+1,c+2;/i,/2 > ‘ ‘ ‘ a,h-,i,j i ^d-l,d-Jd-l- 






Following from fl7.24p again, the bracket vanishes. 

Case 5 .: a < c < b < d: 

We prove this case by induction on d — 6 > 1. When d — 6 = 1, we have 


= [El,.,, EL:,.k] ] 

= (-i)W>« [ lEL, EEi ]. E.Ui.k] ± EEj , [eIJ 


i,j ; -'^b,b+l;i,A; 




Now the bracket in the first term is zero by Case 3, and we may rewrite 
the whole second term as ±[T^a,6+i;i,fc’v^hich is zero by Case 4. 
Assume that d — b > 1, then d — 1 > 6. By fl7.20p . the bracket equals to 

lELpEEkl = 

= (-1)1/1--. [ {eIIj , Ei‘l-v.k.f], ± fS-w,/ . lELi, EE,,.k] ] ■ 


The first term is zero by the induction hypothesis, while the second term 
is zero as well by Case 1. 
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Case 6.: a = c < b < d: 

^a,d;h,k\ \_^a,b;ij ’ \ a^l^d;f,k\ \ 

= ('_!')l/U+i r 1 1 

-]- 11 
^ \_^a,a-\-l]h,f ’ [■^a,b;2j ’ -^a+ljdj/jfcJ J ‘ 

Note that [-E'a,6;ij i ^a+i,d-j,k\ = 0 by Case 5. Hence it suffices to show that 

iF-ly. = 0. fora!' <> > “■ (7-27) 

We prove fl7.27p by induction on 6 — a > 1. When 6 — a = 1, it follows from 
fl7.17p . Now assume b — a > 1. By fl7.20p . we have 

lFd,,i . = [(-I)'”'*-* [E11„,5 . 

= (-l)l»l.-. [Ell,,,, , |E 7 ’l,fc,.i . ] 

I 11 

^ ^a,a+l;h,f\ J * 

Note that , ^a,a+l;h,/] = 0 by the induction hypothesis. Also by 

(|7.17p . = 0 unless & -l = a + l, in which case, (|7.27p 

_(y.) _ 

becomes [^a,a+ 2 ;ij > ^a,a+i;h,/]> wffich is zero by (|7.22p. 

Case 7.: a = c < b = d: 

We claim that 


i<hj. = »■ 


(7.28) 


If 6 = a + 1, it follows directly from fl7.17p . If 6 > a + 1, we may expand 
one term in the bracket of (17.281) by fl7.20p to deduce that 

lAhw,/. A-ia/„,i . A‘h.j 

± 

Note that |d-i,fc/j . = 0 by Case 3 and = 0 by 


Case 6, which proves fl7.28p . 

This completes the proof of Lemma 17.51 


□ 


Proposition 7.6. is spanned as a vector superspace by supermonomials in the 
elements taken in a certain fixed order so that E’s appear 

before D’s and D’s appear before E’s. 

Proof. Lemma 17751 implies that the graded algebra gr is spanned by supermono¬ 
mials in {E^^l.j^j} in some fixed order and hence is spanned by supermonomials 
in {E'^I.-j} in some hxed order as well. 
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By applying the automorphism Cm\n, we see that is spanned by supermono¬ 
mials in I in a certain hxed order as well. 

Moreover, gr is supercommutative by Proposition 14.51 and it follows that 

is spanned by supermonomials in in a certain hxed order. 

Finally, by the dehning relations in Proposition 17. II and the argument above, we 
may interchange the order between those D’s, E^s and F’s in a supermonomial 
such that all the F’s appear before all the D’s and all the D’s appear before all 
the i?’s. 

As a result, the multiplication map is surjective: 

gr Y~ 0 gr Y° 0 gr F + ^ gr Y^, 

and our proposition is established. □ 


Proposition 7.7. The images of the supermonomials in Proposition \ 1. h| under P 
are linearly independent. 


Proof. By Corollary 12.31 we may identify grYM|Af = with the loop superalge¬ 
bra U{Qij^\iy[x]) via 

We consider the following composition 

gr Y- 0 gr 9^ 0 gr 9+ ^ ^9^^ ^Y^ = U (01m|jvN)- 

Let Ua '.= pi + pi 2 + ■ ■ ■ + Ta for short. By Proposition 13.11 the image of (re- 

spectively, DYj, under the above composition map is (— 

(respectively, {-l9^^en,+i,na+jx''~^ )■ By the PBW theorem 

for U, the image (under the map P) of the set of all supermonomials in 
the following set 

{ \l<a<n, I <hj < r >1} 

U { gr^_i \l<a<b<n, 1 < i < < j < Tb, r > l} 

U { gr^_i \l<a<b<n, I < i < PbA < 3 < Ta, r > l} 

taken in a certain hxed order must be linearly independent in grPj^ and hence 
Proposition 17.71 follows. □ 


Corollary 7.8. 

follows. 


The homomorphism T ■. Y^ ^ Y^j, is injective, and Theorem \1.2 


Proof. We have known that P is a surjective homomorphism. Now a spanning set 
for Yfj, is obtained by Proposition 17.61 while the image of this spanning set under P 
is linearly independent in Fj^ by Proposition 17.71 This shows that P is injective. □ 

Let Y^, Y^ and Y~ denote the subalgebras of Y^ generated by all the H’s, E^s 
and F’s, respectively. The next result follows from the proof of Proposition 17.61 
and the proof of Proposition 17.71 
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Corollary 7.9. We have the PBW bases for the following superalgebras. 

(1) The set of supermonomials in {Dajj}i<a<n,i<i,j<ij.a,r>i taken in a certain 
fixed order forms a basis for Y^. 

(2) The set of supermonomials in taken in a 

certain fixed order forms a basis for . 

(3) The set of supermonomials in taken in a 

certain fixed order forms a basis for Y~. 

(4) The set of supermonomials in the union of the elements listed in (1), (2) 
and (3) taken in a certain fixed order forms a basis for Y^. 
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